This paper calculates the general form of a 5d metric when fundamental string and momentum charges are added. This is accomplished using the standard method of boosting and T-dualising a solution to Einstein's equations, where the solution has three Killing vectors and is expressed in a generic form. The thermodynamical properties of the charged solution are derived and the physical implications of the solution are then examined with the two-charge dual spinning black ring being used as an example.
Introduction
The development of string theory, along with its implication that there exist more than three spatial dimensions, has led researchers to investigate solutions to general relativity in more than four dimensions. The majority of the effort has been focussed on finding solutions in five dimensions, since this is the next simplest scenario, and several black hole [1, 2, 3, 4] and multi-black hole [5, 6, 7, 8] solutions have been discovered. These solutions can be characterised as having either S 3 topology or S 2 × S 1 topology (or a combination of the two in the case of the multi-black hole solutions). The discovery of a black hole in five dimensions with a non-spherical topology was remarkable because in four dimensions all of the black hole solutions have a topology of S 2 and are described in terms of the mass, angular momentum, and charge. A comprehensive review of all the higher dimensional black hole solutions is given in [9] .
Asymptotically flat black hole solutions are of interest since there is a microscopic understanding of the origin of their entropy. Strominger and Vafa were the first to investigate this in [10] , where they examined a class of supersymmetric spherical 5d black holes with non-zero charge and showed that it was possible to derive their entropy by counting the degeneracy of BPS states. Further work building on this has been done for black holes with both S 3 and S 2 × S 1 topology in papers such as [11, 12, 13, 14, 7, 15] . These papers examine a mixture of charged and neutral black hole solutions with the charged solutions calculated for each specific metric. The procedure presented in this paper gives a five parameter metric which can be used to analyse the microscopic origin of the entropy for a much broader range of black hole solutions, since the only constraint on the uncharged starting metric is that it has three Killing vectors.
Although the method in this paper has already been used to find charged versions of the MyersPerry and the singly spinning black ring, it hasn't yet been used to generate charged solutions for the doubly spinning black ring and other recently discovered multi-black hole solutions. Given that the procedure for adding string charges to a neutral metric is virtually identical for all asymptotically flat metrics it seems useful to give the solution in as general a form as possible. The first part of this paper gives the necessary theory for adding charges to a generic metric with three Killing vectors before going on to apply the results to the specific case of the doubly spinning ring.
The doubly spinning ring was chosen because it is the next simplest black hole solution for which a charged version has not been calculated and its properties examined. The singly spinning ring with an event horizon of S 2 × S 1 was discovered by Emparan and Reall in 2001 [2] , with the rotation being in the S 1 direction. Indeed, in order for it to remain stable it had to rotate at a specific speed determined by the geometry of the ring. Unfortunately, their solution didn't allow for the ring to rotate in the S 2 direction which one would assume the most general solution should. A black ring solution which did allow for the ring to rotate freely in both the S 2 and S 1 directions was discovered in 2006 by Pomeransky and Sen'kov [3] .
Despite being algebraically more complicated than the singly spinning ring, Pomeransky and Sen'kov were able to present the solution in a reasonably compact form, thus allowing other authors to examine the physical properties of the ring, such as in [7] and [9] . The solution derived by Pomeransky and Sen'kov was only specified for the balanced dual rotating ring where the angular parameters are chosen such that the ring is balanced. The unbalanced solution for doubly rotating rings had already been calculated in [16] , which concurs with the respective limit of a more general solution given in [4] . The solution of Morisawa et al. permits both balanced and unbalanced rings and allows a more thorough analysis than for the Pomeransky Sen'kov black ring as it is possible to look at the limits of the doubly spinning ring where it is inherently unbalanced, as well as the limit where the ring "collapses" to the spherical Myers Perry black hole.
Although a two charge solution hasn't previously been calculated for the doubly spinning ring using the method presented here, a three charge solution to minimal supergravity has been calculated in [17] . Their method produces a three charge version of the doubly spinning black ring with all of the charges being equal. This differs from the results presented in this paper, as the method presented here allows the two charges to be set independently of one another. It is possible in principle to add a third charge through a further series of dualisations and boosts but the unavoidable by-product of adding the extra charge is the introduction of Dirac-Meisner string singularities (as is seen in [17] ), so the three charge metric is not considered in this paper.
The first two sections of this paper are concerned with developing the procedure whereby string and momentum charges are added to a generic five dimensional metric. The basic idea is to lift the neutral metric to ten dimensions by adding five extra flat dimensions, and then applying a series of boosts and T-duality transformations to the metric. The ten dimensional metric is then Kaluza-Klein reduced back down to five dimensions with the boosts in the extra spatial dimensions appearing as fundamental string and momentum charges. The resulting charged metric is then presented, along with a derivation of the physical properties of this generic charged solution.
The third section is concerned with the Pomeransky Sen'kov dual spinning ring solution. The dual spinning black ring metric is presented along with some explanation of the adapted coordinates which are used. A brief recap of some of the relevant physical properties is also given 1 before presenting the two charge dual spinning ring metric and its associated fields.
The final section of this paper looks at the physical properties of the two charge generic metric derived in section 3, using the dual rotating black ring as a specific example. The charged solution has two extra parameters relating to the two string charges, so the physical properties of the charged metric are compared with those of the neutral starting metric for different values of these charges. The differences between the generic charged metric and the neutral metric are independent of the form of the original metric coefficients so the analysis can be applied to any metric that is charged up in the manner described in section 2.
Theory of Generating Charges
Having obtained a solution to Einstein's field equations, it is possible to generate a supersymmetric solution that has different charges corresponding to the different string sectors. The method presented here, which adds charges to a generic uncharged metric, is essentially the same as that presented in [18, 19] and more pertinently applied to the singly spinning ring in [12] . The main idea is to lift the five dimensional metric to ten dimensions through the inclusion of five flat dimensions, which will be labelled as {w,6,7,8,9}. The w dimension is singled out as this plays an important part in constructing the charges. The remaining four dimensions are compactified on a T 4 and play a passive role in the generation of the various charges. Having constructed a ten dimensional metric, the application of a series of boosts and duality transformations will then produce a new solution to the string equations of motion. Once this is done, the ten dimensional solution can then be Kaluza-Klein compactified to reduce it back down to the desired five dimensional metric with various string charges.
Any solution to Einstein's equations will automatically satisfy the equations of motion for low energy superstrings when lifted to ten dimensions, as long as the gauge fields are turned off. This can easily be seen by examining the action for the low energy NS-NS superstring, when compactified on T 4 [12]
where Φ is the scalar dilaton, κ 6 is related to the six dimensional Planck length, and H (6) is a 3-form flux given by H (6) = dB (6) , where B (6) and F (6) are 2-form fields that couple electrically to the dual rotating ring. The four extra flat dimensions have been suppressed here as they don't enter into any of the subsequent calculations. If Φ and B are set to zero then the action given by (1) reduces to the Einstein-Hilbert action for a six dimensional metric.
The charges are produced by Lorentz boosting the six dimensional metric in the w direction to produce a black-string or black-tube, depending on the topology of the starting solution. This is achieved via a coordinate transformation where α 1 is the boost parameter. This gives the solution linear momentum in the w direction but in order to create a non-trivial charge a subsequent Tdualisation must be performed. The application of the T-duality transformation converts the type IIA solution 2 with linear momentum, to a type IIB solution with a fundamental string charge. The T-duality transformations are given by [20] 
Having T-dualised the metric, a second charge can be added by boosting again in the w direction, with parameter α 2 . This gives a black tube with linear momentum in the w direction and a fundamental charge F (w). To obtain the five dimensional solution with two charges it is then simply a case of KK reducing this 10d metric along the w direction.
In order to carry out the KK compactification, assume that the w direction forms a circle of radius R w . The Kaluza-Klein ansatz is then given by
where the Greek indices cover {t,ρ,z,ψ,φ} and the Latin indices cover {x µ ,w}. Here, e 2σ = g ww and A
(1) is a 1-form field, induced by the compactification of the six dimensional metric, which sources the P (w) charge.
Applying (3) to the 6d action (1), gives
where κ 2 5 = κ 2 6 /(2πR w ) and the (6) superscript has been dropped where it is obvious that the fields are now five dimensional.
The reduction of the string action to five dimensions has created two new fields F (1) and F (2) where F
(1)
µw . The three form H has now picked up a Chern-Simons term, so is now given by
It is possible to transform the string action into something more like the Einstein action by defining an effective dilaton Φ ef f = Φ − σ/2, thus allowing the string metric to be transformed into the Einstein frame via g
Φ ef f g µν . This means that the action in the Einstein frame becomes
Note that all of the fields inside of the brackets have also changed with the change of frame.
3. Charging Up A Three Killing Field Metric
Having established the formalism required to charge up a metric which solves Einstein's field equations, it is now possible to apply it to a general metric with three Killing vectors. Any metric with three Killing vectors given by ∂ t , ∂ ψ , and ∂ φ can be written in the form
where all of the metric functions g µν are solely functions of ρ and z. The non-Killing directions ρ and z are inspired by the canonical coordinates used in the inverse scattering technique, although the form given in (6) differs in that g ρρ and g zz are not necessarily equal, allowing any three Killing vector solution to be used. It is now possible to charge up this general metric, using the technique of boosting and T-dualising described in the previous section, to give a solution to type IIB string theory with fundamental and momentum charges in the w direction. Having done this, the new 6d charged metric is given by
with the auxiliary two form field given by
and the scalar dilaton given by
The metric given in (7) only has a fundamental charge in the w direction, so to create the P(w) charge the metric has to be Kaluza-Klein reduced back down to five dimensions. In practice, the supplementary w dimension is always added to the metric by setting g ww = 1 so, for the sake of simplicity, this constraint has been applied in all of the following equations. Bearing this in mind, the compactified [F(w),P(w)] charged metric in the string frame is given by
where
and µ ∈ {ψ, φ}.
The compactification of the six dimensional metric has introduced two new 1-form fields A (1) and A (2) , as well as the 2-form field B, and the scalar field Φ. These 1-form fields are given by
with the two form B being reduced to
The dilaton is unchanged by the compactification process so with g ww = 1, it is now given by
and the other scalar field, introduced by the compactification, is given by
Physical Properties of The Charged Metric
The process of charging up the metric only affects the metric coefficients involving t, ψ, and φ, so any of the properties of the metric that depend upon the coefficients involving ρ and z are unchanged. In most cases this means that the position of the event horizon is unchanged, since the coordinates of the neutral metric are usually chosen so that the event horizon is described by a hypersurface where one of the non-Killing directions is held constant. This is exemplified by the dual rotating ring, described in the next section. Having said this, the addition of string charges to the neutral metric does alter the thermodynamic properties of the metric.
If the mass, angular momenta, and area of the neutral metric are given by M, J ψ , J φ , and A respectively, then it is possible to calculate how these will change with the addition of extra charges. It is assumed in the following that the metric given in (6) is asymptotically flat, which in turn implies that the charged metric (7) is also asymptotically flat.
For an asymptotically flat metric, the ADM mass can be derived by examining the g tt coefficient near asymptotic infinity. This function will then fall off as
at infinity, so the Taylor expansion of the metric function can then be compared to this and the mass M extracted. Since the charged metric is also asymptotically flat, its mass can be calculated in a similar manner. Expressing the gtt coefficient of the charged metric in terms of the original metric gives
If it is assumed that g tt takes the form given by (22) , then the above equation becomes
Comparing this with (22) , the charged metric massM can be defined as
The angular momenta in the ψ and φ directions can be calculated using a similar process, but this time comparing the different coefficients for g tψ and g tφ respectively. The necessary expressions for the charged metric coefficients are given by
In this case, the form of the g tψ and g tφ coefficients at infinity is
where µ ∈ {ψ, φ}. Bearing this in mind, the charged metric coefficients after substituting for g tt from (22) become
These equations can then be compared with (28) to construct expressions for the charged metric angular momentaJ
Unfortunately, the above method cannot be used to calculate how the area varies when string charges are added to the neutral metric, since the area is given by
where γ is the induced metric on the horizon, the integral is taken over the event horizon and it is assumed that the horizon is a hypersurface of constant ρ. This integral is problematic because of the terms in the square root, which make it difficult to compare with any corresponding expression derived by substituting in the charged metric coefficients. A more useful form for the induced metric is derived in Appendix A. Re-writing the integral in terms of this new expression for the induced metric and transforming to the Einstein frame gives
Having re-expressed the area integrand in a more manageable form it is now possible to substitute for the charged metric coefficients obtained by comparing (6) and (14) . After substituting for the various metric factors, the area of the charged metric becomes
It was shown in [21] that the horizon entropy is invariant under duality transformations and thus invariant for all varieties of string charge. This implies that the expression for the horizon area is definitive for all two charge metrics. Having charged up the metric, it is necessary to calculate the conserved charges associated with the two 1-form fields A (1) and A (2) . In general the gauge charges in five dimensions are given by
where F = dA (i) and the e −2Φ i factors, obtained by inspection of the Kaluza Klein reduced action given in (4), are
The integral given in (36) has to be taken over a three sphere at infinity, so to simplify the algebra, it is convenient to work in spherical polar coordinates where (ρ, z) → (r, θ) with t, ψ, and φ remaining unchanged. This means that the only pertinent component is ⋆F
θψφ , since the integral has to be taken for a constant t and r cross-section. Furthermore, the components of ⋆F (i) only need to be known at asymptotic infinity, so only the first order terms of the Taylor expansion at infinity need to be considered. The ⋆F 
whereǫ µνρστ is the Levi-Civita tensor density andǫ trθψφ = 1. The leading order terms for the metric functions can be determined by considering the asymptotic expansion at infinity of the general spherical five dimensional metric given in [1] . This series expansion indicates that the metric coefficients at infinity are unchanged by the process of adding charges to (6) , which allows (38) to be simplified further because it is now evident that the g ψt and g θr coefficients are zero at infinity. Substituting the leading order terms for g ψψ , g φφ , g θθ , and g into (38) gives ⋆ F
To obtain an expression for F rt ≡ ∂ r A t − ∂ t A r at infinity, it is necessary to substitute for g tt from (22) to give
This then allows F rt to be calculated
Putting this together with (39) gives
The e −2Φ i factors will both go to one by virtue of them being functions of h i , which go to one at infinity, as is easily verified by substituting for g tt from (22) and taking the limit as r → ∞. This now allows the integral given in (36) to be evaluated, and the conserved charges to be calculated, as
4. The Two Charge Dual Rotating Ring
Neutral Dual Rotating Ring
The dual spinning black ring was first presented in a paper by Pomeransky and Sen'kov [3] for the equilibrium ring with a mostly negative signature. The form of the metric used in this paper differs from their version as it has a mostly positive signature, as well as a few other differences. The coordinates φ and ψ have been interchanged so that ψ corresponds to angles on the S 1 in accordance with the single spinning ring. The constant k has also been rescaled so that when ν → 0, k is equivalent to the ring radius parameter R used in [22] . A side effect of the re-scaling of k is
This form of the metric has been specially chosen so that when ν → 0 the singly rotating equilibrium ring given by Emparan and Reall in [22] is recovered with λ replacing ν.
Apart from the parameter re-scaling, the other properties of the dual rotating ring metric are identical to those given in the literature i.e. the horizons are at
where y is restricted such that −∞ < y < −1 and the ring parameters λ and ν are constrained as 0 ≤ ν < 1 and 2 √ ν ≤ λ < 1 + ν. As for the singly spinning ring, infinity is where x = y = −1 and the centre of the ring is at x = 1, y = −1. A more detailed indication of the contour lines of constant x and y is given in Appendix B. The dual rotating ring is asymptotically flat in the limit where x = y = −1 permitting the asymptotic coordinates [7] 
3 To convert between the values presented here and those in [7] it is necessary to replace each instance of k in this paper with k √ 2
In these coordinates 0 ≤ r < ∞ and 0 ≤ θ ≤ 2π and asymptotic infinity is approached as r → ∞. Applying the coordinate transformations given by (51) to (44) gives the physical properties of the dual rotating ring
and the area of the event horizon is given by
[F(w),P] Dual Rotating Ring Metric
The full 10D type IIB string solution for the dual rotating metric, after substituting in (7), is given by
The four additional dimensions have been suppressed for brevity, but they are given by g µν = δ µν where µ, ν = 6, 7, 8, 9. The additional fields, introduced through the duality process are given by
and
In this metric, the canonical coordinates have been replaced with the toroidal (x, y) coordinates 4 which may be concerning, since the derivation of the previous section was in terms of the (ρ, z) coordinates. Fortunately, all of the transformations used to charge up the generic metric were independent of these coordinates, so they can be transformed with impunity. In order to calculate the various physical properties of the charged ring it is necessary to now reduce the metric back down to five dimensions. This has already been done in (14) , so substituting for the various metric coefficients and transforming to the Einstein frame gives
The 1-form gauge fields are now given by
The 2-form field is given by
The transformations used can be found in [3] 5 Inspection of the Ω function shows that this metric is free from Dirac-Misner singularities.
and the scalar functions are given by
Physical Properties of the Generic Charged Metric
Having obtained the metric for the [F(w),P] charged black ring (65) and the more general two charge metric (14) , it is now possible to work out some of the physical properties of these solutions. In fact, most of the distinguishing features of the charged solutions are the same as for the neutral solution: the x, y (or ρ, z for the general solution), ψ, and φ coordinates vary over the same ranges, any physical constraints on the original neutral metric will be unchanged e.g. the limits on λ and ν are exactly the same for the two charge black ring, and the horizons will still be given by g ρρ = 0 or in the case of the charged ring (50). The reason that these properties are unchanged for the charged solution is because they all depend, to some extent, upon the g ρρ and g zz coefficients of the metric, which are unaffected by the boost and T-duality transformations. The addition of the charges does have some effect on the ADM mass, angular momenta, and the area but these have all been calculated in (25), (32), and (35) respectively. The conserved gauge charges for the charged metric have also been calculated in (43) and are explicitly given by
It is worth noting that the charges are directly related to their respective boosts, which verifies the physical picture of the linear momentum being exchanged for winding charges when the metric is T-dualised. To get an idea of how the behaviour of the charged solution differs from that of the neutral ring, it is a good idea to plot some phase diagrams showing how the physical properties, like the angular momentum and horizon area, vary with the charge. To this end, the charged dual rotating ring solution given in (65) will be considered. The phase space of the dual rotating black ring has been fairly extensively studied in [7] and [9] , so the following discussion will concentrate on where the behaviour of the charged dual rotating ring (and hence the more general solution given by (14) ) departs from that of the neutral ring.
Before plotting the various physical properties, it is beneficial to re-define them so they are scale independent. The obvious candidate for fixing the scale is the ADM mass, so expressing the angular momentum and horizon area in terms of this, along with the conventional normalisation, gives the following relations
The square of the angular momentum is given above because it is more convenient to plot in terms of j 2 , since it is always positive. For the neutral ring, j ψ and j φ are constrained such that
This means that the angular momenta can never be equal and j φ /j ψ ≤ 1/3 for all permissible values of ν and λ. The constraints on j ψ and j φ are dependent on the form of the metric coefficients, with the constraints on the angular momenta for the dual rotating ring being a consequence of the restrictions on λ and ν. In general these restrictions will always have to be calculated for each given metric. As can be seen by examining (32) and (35), the only difference between the angular momenta and area of the neutral metric and the charged metric is a factor of cosh α 1 cosh α 2 , which is the same for J ψ , J φ , and A. When these are combined with the ADM mass to give the dimensionless quantities of (76), the relationship between the neutral metric physical properties and the charged metric physical properties is
where the tilde denotes the charged angular momentum and area. Unfortunately, because the factors are all equal for the various quantities they all tend to cancel out, meaning that the physics of the charged metric is very similar to that of the neutral metric. This is exemplified by the fact that the maximum and minimum ofj is exactly the same as for the neutral metric, no matter how large the charges are. This is because the multiplying factor varies between 0 and 1. The multiplying factor in (78) encodes all of the differences between the properties of the charged metric and the neutral metric. The denominator of the multiplying factor in (78) is larger than the terms in the numerator for all |α i | > 0 so this factor has a maximum of 1 for α 1 = α 2 = 0 and then exponentially decays toward 0 as the charges are increased. This means that the charged metric angular momenta and horizon area will always be smaller than the corresponding neutral metric if only the charges are varied. In the case of the dual rotating black ring, this agrees with the intuitive interpretation of the ring being balanced by the charge as well as the angular momentum. The charge helps to balance the tension trying to collapse the ring and thus allows a ring that would otherwise be unstable, if only balanced by the centrifugal force, to remain in equilibrium.
The form of the expressions for the angular momentum shows that for any given ring, as the charge is increased the angular momentum in the φ and the ψ plane will have to decrease for the ring to remain in equilibrium, with the speed of the rotation decreasing as the charge increases. Unfortunately, since the multiplying factor in (78) only asymptotically approaches zero, there is no way that the ring can only be balanced by rotation in the φ direction, or by the charge alone. In order for the angular momentum in either direction to reach zero, the charge would have to be infinite. Figure 1 shows how the ring area a varies withj 2 ψ for various different values of α 1 and α 2 . The curves are constrained so thatj 2 φ = 1/500. The effect of increasing or decreasing α 1 or α 2 is to move the phase curve closer or further away from the origin respectively. It doesn't matter whether α 1 or α 2 is varied, since the factor in (78) is symmetrical under interchange of α 1 and α 2 . The basic effect of varying the charge is to replicate the phase curve of a neutral ring with larger j 2 ψ other than that, the phase curves are identical in shape to those of the neutral ring. This behaviour can be generalised to any other metric given by (14) but, obviously, the physical interpretation would depend upon the physics of the neutral metric (6) .
To find the point where the black ring angular momentum in the ψ direction is minimized and the area maximized it is necessary to deploy a Lagrange multiplier to fixj φ whilstj ψ is minimized. Doing this gives the value of λ in terms of ν wherej ψ and hence a are maximized. Unsurprisingly, this gives exactly the same expression as for the neutral ring, where
This is because the form ofj ψ andj φ is exactly the same, so any factors that are introduced by α i = 0 cancel out completely. as the rings get fatter, and decreases for all ν as the charge is increased. Although the minimum angular momentum curves for larger values of α 1 and α 2 seem to be approachingj ψ = 0 rapidly, they will only ever asymptotically approach it. This means that even though the addition of a small charge will significantly decrease the angular momentum needed for the ring to remain balanced, it will never sustain a balanced ring without angular momentum in at least the ψ direction. The variation of the angular momentum with the charge is similar for a generic metric but the form of the plots will obviously vary. Figure 3 shows the phase space of the charged black ring forj φ againstj ψ for various values of α 1 and α 2 ranging from 0 to 0.8. For any given charge, the permissible values ofj ψ andj φ are those that are enclosed by the curve and thej ψ axis. Values ofj ψ andj φ outside of this enclosed region are not physically permissible. As with all the other plots, the increased charge has the effect of decreasing the angular momentum, so the larger the charge the smaller the range of the permissible angular momenta in the ψ and φ directions.
To analyse the extremal doubly spinning ring, it is necessary to substitute λ = 2 √ ν. For this case, the analysis of the charged version proceeds in a similar manner to that of the non-extremal doubly spinning ring. The mass, angular momentum and horizon area are still given by the expressions in (25), (32), and (35) which differ from the uncharged versions by functions only involving cosh α 1 and cosh α 2 . Thus all of the physical properties, that depend upon the charge, will vary in the same way as previously described.
Conclusions
This paper was principally concerned with constructing a two charge supersymmetric string solution given an initial solution to Einstein's field equations. It then used the dual rotating black ring found by Pomeransky and Sen'kov in [3] as an example of how the general method can be applied to obtain specific solutions. The generic charged metric and its physical properties were derived in section 3, before going on to present the dual spinning black ring metric at the beginning of section 4. This allowed the various physical properties of the charged metric to be examined using the dual rotating black ring as an example. Section 2 explained the theory behind converting the original five dimensional solution to Einstein's equations into a form that is suitable to be manipulated using the string theory techniques, as well as setting out the required formalism. The technique involves lifting the metric to ten dimensions, boosting the metric, T-dualising to obtain a fundamental charge, and then boosting again to produce a second charge. The resulting solution is then Kaluza-Klein compactified back down to five dimensions, so that the physical properties of the solution can be explored. The first part of section 3 defined a generic starting metric and then applied the above techniques to generate a new solution with fundamental and momentum string charges.
The second part of section 3 derived the physical properties of the charged metric in terms of those of the neutral metric. The analysis showed that the ADM mass, angular momentum, and the horizon area of the charged metric were directly proportional to the respective quantities for the neutral metric with the multiplying factor being a function of the boost parameters used to generate the charged solution. The derivation of the conserved charges showed that the gauge charges were related to the boost parameters by a factor of sinh 2α, where α is the boost parameter.
Section 4 presented the neutral dual rotating black ring solution, along with some of the associated formalism. This consisted of the thermodynamic quantities of the black hole, along with a brief description of the parameters and the toroidal coordinates used to describe the solution. The second part of this section applied the charging technique to the dual rotating black ring to obtain the five dimensional charged metric in the Einstein frame, along with all its associated fields. This involved deriving the ADM mass, angular momenta, event horizon area, and canonical charges.
Section 5 looked at how the addition of the string charges varied the physical properties of the generic black hole solution, and the dual rotating black ring in particular. It was found that the addition of the charges had little effect overall with the angular momenta and area being the only properties that were affected. In general the area and angular momenta were reduced as the charges were increased but the angular momentum could never be decreased to zero for finite charge. This is because the area and angular momenta of the charged solution only differed from those of the neutral solution by a multiplying factor which was a function of the boost parameters. This multiplying factor decayed exponentially from 1 when the charges were set to zero and asymptotically approached 0 for large values of the boost parameters.
It was shown that the behaviour of the charged black ring was virtually identical to that of the neutral ring, with the charge playing a similar role to that of the angular momentum in the neutral case. This was as expected but it was shown that the charged ring must have non-zero angular momentum in the ψ and φ direction to remain balanced. As the charge is increased, the angular momentum required to keep the ring in equilibrium decreases exponentially but only ever asymptotically approaches zero. This was born out by the phase plots of the charged black ring angular momenta, which were identical in form to those of the neutral black ring but were shrunk by a factor depending upon the charges.
This work looked at the charged metric when fundamental string and momentum charges were added but it is possible to generate a [D1, D5] charged solution by carrying out some further duality transformations. It would be interesting to see whether it would be possible to extend the methods used in this paper to charge up the generic metric, given at the beginning of section 3, to produce a generic [D1, D5] solution. It is possible to do this when the specific form of the metric coefficients are known (such as in [12] ) but this requires some of the 2-forms, generated from the original metric coefficients, to be differentiated and integrated. Given this, it is not immediately obvious whether this method could be applied to a generic metric solution. The [D1, D5] solution would have exactly the same physical properties [21] as the solution presented here, but it would provide a broader basis for the investigation of the microscopic entropy of black hole solutions.
Appendix A: Derivation of the Induced Metric on the Event Horizon for a Generic Metric
The relationship between the area of the charged metric and that of the neutral metric appears to be simple but substitution of the charged metric coefficients in terms of the neutral coefficients doesn't immediately give the desired relationship between the two horizon areas. Instead, consider the determinant of the neutral metric (6) g tt g tψ g tφ 0 0 g tψ g ψψ g ψφ 0 0 g tφ g ψφ g φφ 0 0 0 0 0 g ρρ 0 0 0 0 0 g zz = Λ(ρ, z)
where Λ(ρ, z) is an arbitrary function depending on the metric coefficients. It is only a function of the variables ρ and z, since the other coordinates can't appear in the metric coefficients by virtue of their being Killing vectors. A little manipulation shows that the g ρρ and g zz coefficients can be factored out to give g ρρ g zz g tt g tψ g tφ g tψ g ψψ g ψφ g tφ g ψφ g φφ = Λ(ρ, z)
This can then be rearranged to give g tt g tψ g tφ g tψ g ψψ g ψφ g tφ g ψφ g φφ
where it is assumed that the event horizon is a hypersurface of constant ρ. In this case g ρρ = 0 so, after expanding the determinant, the above equation gives an identity relating some of the coefficients in the neutral metric. 
The main difficulty in calculating the area in terms of the metric functions is due to the square root in the integral. The only non-trivial way to eliminate this is to express the determinant of the induced metric in a manifestly squared form. To do this complete the square on the metric given in (6) 
Armed with this expression and the identity given in (83), it is now possible to express the determinant of the induced metric in a manifestly squared form γ = g zz g ψψ g φφ − g allows the transformations between r 1 and r 2 and x and y to be determined. These are
Theoretically these coordinate transformations can be used directly to plot lines of constant x and y. In practice it is more useful to transform coordinates once again to get r and θ in terms of x and y. The r 1 , r 2 coordinates are related to the r, θ coordinates by r 2 = r (1 − x 2 )(1 + νy 2 )
Having obtained these coordinate transformations it is now possible to plot the contour lines for constant x and y. A sample plot for ν = is given in figure 4 . Unlike in the singly rotating ring, the contour lines of constant y are now elliptical, rather than circular. This is due to the factors of ν that appear in the coordinate transformations. If ν is set to zero then the ellipses become circles, as one would expect since the ν → 0 limit of (44) reduces to the singly spinning ring metric. As ν is increased from zero, the ellipses become more elongated and the contours of constant y become wider spaced.
